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Relation Between Quasirigidity and L-Rigidity in
Space-Times of Constant Curvature and Weak
Fields

M. Barreda! and J. Olivert?

Received July 29, 1996

The relation between quasirigidity and L-rigidity in space-times of constant
nonzero curvature and in space-times with small curvature (weak fields) is studied.
The covariant expansion of bitensors about a point is considered. We obtain an
increase in the order of magnitude, under L-rigidity conditions, of the rate of
change with respect to a comoving orthonormal frame of the linear momentum,
angular momentum, and reduced multipole moments of the energy-momentum
tensor. Thus, L-rigidity leads to quasirigidity in such space-times.

1. INTRODUCTION

In a preceding paper (Barreda and Olivert, 1996), a definition of L-
rigidity was proposed as a special class of pseudorigid motions (Ehlers and
Rudolph, 1977; Kohler and Schattner, 1979) and therefore it depended on
the chosen curve L. In L-rigid motion, the expansion of the vector field that
described the pseudorigid motion vanished. Another kinematical condition
required that the Lie derivative of the normal I-form to the pseudorigid
“body” world-tube, with respect to the vector field that described the pseu-
dorigid motion, vanished. The third condition was a dynamical one: The
family of tensor fields along L obtained by parallely transporting the energy-
momentum tensor from the world lines that constituted the pseudorigid motion
to the “center of motion” L had constant components with respect to a
comoving orthonormal frame.
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In that paper (Barreda and Olivert, 1996), we studied the conditions of
L-rigidity by applying to them some techniques of the PPN formalism in
general relativity. It was shown that the proposed idealization was approxi-
mately satisfied by a wide range of real physical systems. The obtained results
agreed with classical rigidity, in the sense that the baryon mass density was
constant in first order and the stress tensor was constant in the comoving
system. Moreover, the Newtonian potential was constant along the line L
and the gravitational field was constant along the line L in the comoving
system. By choosing L as the center-of-mass line in the Minkowski space-
time, we obtained that L-rigidity and weak rigidity (Del Olmo and Olivert,
1983, 1985, 1986, 1987) were equivalent when the angular velocity was both
small and constant. In this direction, a new step is to study the relation
between quasirigidity and L-rigidity.

In the present work our aim is to study the conditions of L-rigidity in
space-times of constant curvature and in space-times with small curvature
by applying to them some techniques of the covariant expansion of bitensors
about a point (DeWitt and Brehme, 1960). We will check the way in which
they modify the rate of change with respect to a comoving orthonormal frame
of the reduced multipole moments of the energy-momentum tensor.

In Section 2 we give some remarks on our notation and general
assumptions.

In Section 3 we begin by recailing L-rigidity equations and their expres-
sions in a bitensorial form. Subsequently, we study the evolution of the
multipole moments of the energy-momentum tensor defined from the parallet
propagator (Dixon, 1964). We show in Theorem 1 that the moments t'~, given
in equation (14), have constant components with respect to a comoving
orthonormal frame under L-rigidity conditions. Theorem 2 shows that the
moments P, given in equation (13), also have constant components with
respect to a comoving orthonormal frame under L-rigidity conditions. In this
last theorem, we suppose that the vector field family N* [equation (18)] along
L, obtained by parallely transporting the normal field to the pseudorigid
“body” world-tube, from the world lines that constitute the pseudorigid motion
to the “center of motion” L, has constant components with respect to a
comoving orthonormal frame. We show that this supposition is not a restriction
when we particularize to space-times of constant curvature and to space-
times with small curvature. Thus, L-rigidity, under the last condition, leads
to the result that the multipole moments of the energy-momentum tensor
defined from the parallel propagator have constant components with respect
to a comoving orthonormal frame. In this sense quasirigidity and L-rigidity
are analogous concepts since quasirigidity imposes that the reduced multipole
moments of the energy-momentum tensor have constant components with
respect to a comoving orthonormal frame.
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In Section 4 we study the relation between quasirigidity and L-rigidity
for the following two cases: (1) space-times of constant curvature, (2) space-
times with small curvature (weak fields).

We begin with space-times of constant curvature. From the Riemann
tensor expression we get the covariant expansion of bitensors that take part
in the definition of the reduced multipole moments of the energy-momentum
tensor. We obtain that these moments are expressed from the multipole
moments defined from the parallel propagator. On the other hand, we get
that the vector field family N* along L satisfies rotating M-transport equations
to O(s?) and so the moments P~ have constant components, to this approxima-
tion order, under L-rigidity conditions.

Likewise the linear momentum and the angular momentum are expressed
from the moments p*”, and so the linear momentum and the angular momen-
tum have constant components, under L-rigidity conditions, with respect to
a comoving orthonormal frame to O(s?) and O(S®), respectively.

On the other hand, by considering the base line L as the center-of-mass
line we obtain that L-rigidity leads to quasirigidity to O(s%).

Then we study L-rigidity in weak fields. Using the same techniques as
in the case of space-times of constant curvature, we also express the reduced
multipole moments of the energy-momentum tensor from the moments t™
and p. Moreover, the vector field family N* along L satisfies rotating
M-transport equations to O(S), and thus the moments p~ have constant
components, to O(s?), under L-rigidity conditions.

In addition, we get that the linear momentum and the angular momentum
are expressed from the moments p™, and thus they have constant components
with respect to a comoving orthonormal frame, under L-rigidity conditions,
to O(s) and O(s?), respectively. As a consequence, we get that the mass is
constant, under L-rigidity conditions, to O(S).

Moreover, by considering the base line L as the center-of-mass line we
obtain that L-rigidity leads to quasirigidity to O(s?).

2. NOTATION

The notation used in this paper is basically that of Barreda and Olivert
(1996). Greek indices range from 1 to 4.

We denote partial differentiation by (-), and covariant differentiation
by (+)., or V,. Symmetrization and antisymmetrization of indices are denoted
by (-) and [-], respectively, while indices enclosed between vertical lines
are omitted from these operations.

The Riemann curvature tensor is defined by

— _1vd
X%py = —7X R%py
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We will use the theory of bitensors developed by Synge (1966) and
DeWitt and Brehme (1960). For a bitensor function of the point pair (z, m)
we distinguish between indices at z and indices at m. We will use k, A, ...
as indices at z and o, §, .. . at m.

We denote by o(z, m) the world function and by

Ha)\ = (_G-)\a)_ls Ka)\ = Hap.o-'u)\

the Jacobi propagators (Dixon, 1970). In this notation, a dot followed by an
index denotes covariant differentiation with respect to one or another variable.
Another important bitensor that we will use is the parallel propagator,
denoted by g,.(z, m).
We want to give some covariant expansions of bitensors. The second
covariant derivative of the world function with respect to the variables z and
m and the Jacobi propagators have the following expansions:

Ora = ~Bra — 18 PReys0 Y0 + O(S?)
Hy = Bra — 180 PRpyes0 Y0 + O(S)
Ku)\ = g)«x - %gABRayBSU.YU.a + 0(83)

where s(z, m) is the biscalar of geodetic interval, which gives the magnitude
‘of the invariant distance between z and m as measured along a geodesic
joining them.

We also recall that with each pair (L, n), where L is a timelike curve
parametrized as z(s) and » is a timelike unit vector field along L, there is
associated a collection of hypersurfaces 3(s) formed by geodesics through
z(s) orthogonal to n(s). Since these hypersurfaces are disjoint, there is a well-
defined differentiable function (Dixon, 1974) x(m) on 3 = U, 3.(s) given by

x(m) = s if me ()
This function allows us to connect bitensors with ordinary tensor fields on
M, where M is the space-time manifold. In order to simplify the notation,
we consider
Sm= XM), 2, = 2(x(m))
Dixon (1974) defines, relative to the pair (L, n), the linear momentum
p~, the angular momentum S**, and the reduced multipole moments of the

energy-momentum tensor J*!'“"*P ag integrals on hypersurfaces 2(s). In
Dixon’s notation

JKU kg = pipccknlAvplp) 4

— pKl"'Kn[)\[VM]mTZ‘T’ n=0

where the nested square brackets denote here antisymmetrization on X\, p
and v, p independently. The time variation of the /™ remains unspecified.
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Using these definitions, Schattner (1978a,b) proves, under a supposition
of weak field, the existence and uniqueness of a pair (L,, n) such that

0=S"p,, p=Mn

The curve L, is called the center-of-mass line.

In order to obtain simple models of bodies that remove the arbitrariness
of the J~ evolution, Dixon (1970) and Ehlers and Rudolph (1977) define
dynamical rigidity or quasirigidity: A motion is quasirigid if the moments
J™ have constant components with respect to a comoving orthonormal frame.
In our notation

RM
DJ =0
where
RM .
D, X=X+ M\ X*, M =rn, —ntn, + QY

is the derivative operator associated with rotating M-transport, and (},,, is a
skew tensor along L that describes the angular velocity of the comoving
frame relative to an M-transported frame. A comoving orthonormal frame
is an orthonormal tetrad, having n* as one vector, that satisfies rotating
M-transport.

3. MULTIPOLE MOMENTS AND L-RIGIDITY

The equations which define the L-rigidity, proposed by Barreda and
Otlivert (1996), are given by

Vo =0 )
RM _
(D, 1), m) =0 VYm e @)}
l"N"Ngmg =0 (3)
where
e = Koz + Ho M0 )

is the vector field that describes the pseudorigid motion, and

T™(s, m) = B4@Z(5), Ymls — 5B (), Ymls — ST (Yuls (5
- sm))

is the tensor field family along L obtained by parallely transporting the
energy-momentum tensor from the integral curves v,, (m € ) of w* to the
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“center of motion” L. Moreover, N* is a vector field on the world-tube 3,
that coincides with the unit normal vector field on each hypersurface 2(s).

In Barreda and Olivert (1996) we obtained the L-rigidity equations in
a bitensorial form, given by

Ko o2 + Ho oM\ + (K22 + K2
+ H*O\2M 0¥ + HE M 0 + H\ M0 M2MXa =0 = (6)
227838 TP + 2078, ,3WpT "
+ ghaguBTuBWwv + 2@0\‘1 Mw)pg‘pBTaB = )
1,0 B{nPo o[K % p2 + H* gM*“\a* — iyo g
+ (KQK.)\Z.AZ.K + HQ&AZ‘)‘MKFO..”)’X,B]
- (M oM + no 2 + ot Mxe) =0 ®

On the other hand, the linear and angular momenta were first given by
Dixon (1964) from the bitensor g, instead the bitensors H*, and K®,. In a
subsequent paper Dixon (1970) indicated that these definitions were made
without sufficient study of their implications. Even so, we are interested in
considering these moments with the purpose of studying the analogy between
quasirigidity and L-rigidity. These moments are defined by

pMs) = J TP d2g )
3(s)
She(s) = 2 J o WM, T8 43, (10)
3(s)

and satisfy the equations

p* = %R"Wp(t""" + MpP) + O(s?) an
SML = 2p["z'”] + R[*pw(%t"""“]" — tulov 4 %plmlulz-v —_ pulmzv) + 0(33) (12)
where

P kaN(5) = (—-1)"[ ol - g g T8 43, n=1 (13)
3(s)

ter s kahi(g)y = (—1)"[ IR O'_K"Q"QQ“BT“B(»" dzy, n=1(14)
3(s)

are the multipole moments of the energy momentum-tensor defined from the
parallel propagator. Obviously, equation (13) for n = 0 coincides with the
expression given in (9).
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In this way, the moments P and t"* play the same role as the reduced
multipole moments of the energy-momentum tensor J ', given that they also
have an arbitrary time variation. We will show that this arbitrariness is
removed in the L-rigidity concept.

We begin with the evolution of the moments .

Theorem 1. The moments t" have constant components with respect to
a comoving orthonormal frame in L-rigid motion.

Proof. As the flow ¢; of the vector field w® (Barreda and Olivert, 1996)
is a diffeomorphism that drags 2(s,) into 3(s, + s) and it preserves the
orientation, for sufficiently small s and s, arbitrary, equation (1) leads to

te ks, + 5) = ('D"J (@ - 0 g g TP oM (15)
2(s0)

Taking the derivative of the last equation at s = 0, we get
dtKl...K")\p‘
ds

= n(— 1)" J' Z.VO'.(KI’VO'.KZ - o-.Kn)g)\u'gP-BT“Bmen
S, pX

0 (s6)

+ n(—1) J wvo-fxlﬁo-'xz ‘e U.K")g)‘ag“aT“ﬁtmTl
2(-"0)

+2(-1" J oXl - 0 g, 8T Pem
2(s0)

+2-1y f AREE AR 2N L
3(s0)

+ (—1)"J CASRERN. A oL ) (16)
3(s0)

and so
iKl' N 'Kn)\l"(so) = n(— 1)" f ZVO',(KIVG. K2 oo o Kn)g)\agp-BT“Bl‘mn
2(so)

+ n(—1)" J (n'YO'_("lyO',"Z' .o 0.“"’§*a'g"‘pT“‘*tm )
Z(s0)

+ 21y L ARRR A N L)
(s0)

F2A-D | oM TR BT
s e B
(s0)
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+ (=1 J oKL --- G,""E"a'g'“BT"‘B;ym”tmTl an
X(s0) )

Equations (4), (7), and (17) prove that the moments t"* have constant compo-
nents with respect to a comoving orthonormal frame. m

Finally, we study the evolution of the tensor fields p along L under
L-rigidity conditions. We consider the vector field family along L

N(s, m) = BZS), YulS — SIN(Yls = Sm)) (18)

for m e 3. This family is defined analogously to the tensor field family 7™*
[equation (5)], and it is obtained by parallely transporting the normal vector

field N® from +y,, to L.
RM

Applying the derivative operator D, to the last family at the point (s,,,,
m), we get
RM

D, N* = @ + Bapof + MYBIN® + FGN 0P (19)
where the bitensors are located at the point (z,,, m), the tensor fields along
L at the point s,,, and the tensor fields at the point m.

RM _
Theorem 2. In L-rigid motion satisfying D ,N*(s,,, m) = 0, forall m e
2., the moments P have constant components with respect to a comoving
orthonormal frame.

Proof. For sufficiently small s and s, arbitrary, taking into account that
the flow ¢, of the vector field »* is a diffeomorphism that drags 3(s,) into
3(s, + s) and it preserves the orientation, we obtain

Pt s, + 5) = (— 1y J (@51 -+ T TN 0,0F ()

Z(s0)
(20)
Taking the derivative at s = 0, taking into account equations (1) and (3), we get
de 1°“Kph
—_ = n(— 1)"+1 J Z'P'o-.('(l p.o--KZ “ee O-,Kn)g)\uTaBNB"NTl
dS 2(s0) ,

So

+ n(—1y*! J oo ®i g*2 ... g Igr T*BNgum
Z(s0)

£ D[ o o BTN
3so)
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+ (~1y*! j GX1 - g g, W T*BNgum
2(s0)

+ (—1y! f oKt o WT N um  (21)
3(s0)

and thus

pKl"'Kn)\(so) = n(—l)”“ J Z'”O'.("'uo,"z ves 0,""’§*uT“BNBwn
2(s0)

+ n(—1*! j w’o-.("l.p_"z cen a_"”’i“aT“‘*Nst»m
2(so)

LA IR ARRES WEE
3(s0)

+ (=1t I gl -ee g gy, o T*BNgum
2(s0)

+ (-1 f oKt - @B (TPNg) 0 (22)
3(s0)

Hence our theorem follows from equations (4), (7), (19), and (22). =

From these two theorems, supposing that the vector field family N*
along L satisfies rotating M-transport equations, we obtain that L-rigidity
leads to the result that the multipole moments of the energy-momentum
tensor, defined from the parallel propagator, have constant components with
respect to a comoving orthonormal frame. In this sense, quasirigidity and L-
rigidity are analogous concepts, so that quasirigidity ¥mposes that the reduced
multipole moments of the energy-momentum tensor have constant compo-
nents with respect to a comoving orthonormal frame.

4. RELATION BETWEEN QUASIRIGIDITY AND L-RIGIDITY

In this section we study the relation between quasirigidity and L-rigidity
in space-times of constant curvature (nonzero) and in space-times with small
curvature (weak fields). We give the expression for the reduced multipole
moments of the energy-momentum tensor in such space-times. We consider
the covariant expansions of the second covariant derivatives of the world
function and the Jacobi propagators.
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4.1. L-Rigidity in Space-Times of Constant Nonzero Curvature

A space-time of constant curvature is characterized by a Riemann tensor
with the components

Ropys = k(8ay8as — 8as8py) (23)

where k = R/12.
In a space-time of constant curvature it is immediate to prove that

— k —
Ora = T8 — g (g)\ao'.pol.p - G.hgp.ozo'.p‘) + 0(83) (24)
ko _ ;
Ha =8 — ¢ (8ra0,0F — 0,80 ") + O(8°) (25)
- k _ - 3
Ko = S — 'i (gkucr.po'.p - G.)\glm()'."') + O(s”) (26)

From these equations the bitensor "™ [equation (9.5), (Dixon, 1974)]

used to define the moments J™ is expressed as

kn—1
KAWY — k(WA . 2 Ky My A
o gg” — 5 &0
~ 2ggMa,0P + 0 ag) + O @n

From equations (24)—(27) we get that the reduced multipole moments
of the energy-momentum tensor, in a space-time of constant curvature, have
the following components:

£k = R Reh g(txn-"mppw — frerknpey 0(33) (28)
2kn—1
K1 “KpARY — K1 KnQgp)v _ 22 K1 kWA )
p 2p g 3n71P

k3n—-35

kn-3
K1 'Kn pAgu)y . Z
3n+1p o8

3n+1

gv()\pv)xl . ~-K,.pp + 0(33)
(29

We also obtain that the linear and angular momenta have the following
components:

P)‘ = p)\ - kg'wpll[")\] + 0(33) (30)

$ = —2pPH + 2 g, 090 + O(s?) )
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On the other hand, the vector field family along L, N *, has the expression
N*(s, m) = n*(s) + O(s) (32)

Hence, or more exactly from equation (19), we have

RM __
D, N* ~ 0@ (33)

which indicates that, to the approximation order considered, the vector field
family N* along L has constant components with respect to a comoving
orthonormal frame.

Now we state the following theorem.

Theorem 3. In space-times of constant curvature the moments p for n
= ] have constant components with respect to a comoving orthonormal frame
under L-rigidity conditions to O(s®). For n = 0 we get the same result, but
to O(s?).

Proof. The result follows from Theorem 2 and equations (29) and
33). =

Because of this theorem, or more exactly using the same technique used
to prove Theorems 1 and 2, and taking into account equations (30) and (31),
we get the following consequence.

Corollary 4. In space-times of constant curvature the linear and angular
momenta have constant components with respect to a comoving orthonormal
frame under L-rigidity conditions to O(s?) and O(s3), respectively.

Considering the center-of-mass line L,, leaving aside the unphysical
case S = —12M%R, Ehlers and Rudolph (1977) obtained

r=n (34)
Hence we have the following result.

Theorem 5. In space-times of constant curvature L-rigidity leads to
quasirigidity to O(s®).

Proaof. The proof is analogous to those of Theorems 1 and 2 by taking
into account equations (28), (29), (33), and (34). =
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4.2. L-Rigidity in Weak Fields

We suppose that the curvature and its variation over space-time are
small enough in a neighborhood of the body. Under this hypothesis, by using
the covariant expansion of bitensors, it is proved that

Oara = —Bra + O(S) (35)
Hy\ =B\ + O(sY) (36)
Ky = B + O(8?) (37N

From these equations the bitensor O** [equation (9.5), (Dixon, 1974)]
used to define the moments J ™ is expressed as
eK)\p.v —_ gx(p.gv))\ + 0(32) (38)

From equations (35)—(38) we deduce that the reduced multipole moments
of the energy-momentum tensor have the following components:

KUK = {RIRAR O(SZ) (39)
prITRIARY = Ik g 4 ((s?) (40)

whereas the linear and angular momenta are
p)‘ —_ p)\ + 0(52) (41)
Sh = —2phul + O(s?) 42)

On the other hand, the vector field family along L, N . has the follow-
ing components:

N = n* + O(s?) (43)

Then, from this equation or taking into account (19), we get

RM __
D,N* ~ O(s) (44)
Hence we obtain.the following result.

Theorem 6. In space-times with small curvature the moments p* for n
= 1 have constant components with respect to a comoving orthonormal frame
under L-rigidity conditions to O(s?). For n = 0 we get the same result, but
to O(8).

Proof. The proof is obtained from Theorem 2 and equations (29) and
44). =
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Because of this theorem and taking into account equations (41) and
(42), we get the following consequence.

Corollary 7. In space-times with small curvature the linear and angular
momenta have constant components with respect to a comoving orthonormal
frame under L-rigidity conditions to O(S) and O(s?), respectively.

We now consider the center-of-mass line L,. Then from Theorem 6 we get
M ~ O(s) (45)

that is, the mass is a constant of motion, under L-rigidity conditions, to this
approximation order.

Moreover, taking into account equation (2.17) (Ehlers and Rudolph,
1977), we get

P =n+ 06 (46)
To conclude, we get the following theorem.

Theorem 8. L-rigidity under weak fields conditions leads to quasirigidity
to O(s?).

Proof. The proof is analogous to those of Theorems 1 and 2 by taking
into account equations (39), (40), (44), and (46). =

5. DISCUSSION

In a previous paper (Barreda and Olivert, 1996) we introduced L-rigidity,
which, like quasirigidity, is a specialization of pseudorigidity, and hence we
are interested in relating these two concepts.

As indicated in Section 3, L-rigidity is analogous to quasirigidity under
a weak condition in the sense that both preserve a set of multipole moments
of the energy-momentum tensor: quasirigidity the reduced multipole moments:
and L-rigidity the multipole moments defined from the parallel propagator.

In space-times of constant curvature we obtain that L-rigidity leads to
an increase of two orders of magnitude in the rate of change with respect to
a comoving orthonormal frame of the linear momentum and an increase of
three orders of magnitude in the rate of change with respect to a comoving
orthonormal frame of the angular momentum. A more important consequence
is that L-rigidity leads to quasirigidity to O(s?).

In weak fields we also obtain an increase of one order of magnitude in
the rate of change with respect to a comoving orthonormal frame of the linear
momentum and an increase of two orders of magnitude in the rate of change
with respect to a comoving orthonormal frame of the angular momentum.
Moreover, L-rigidity leads to quasirigidity to O(S?).
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These results are a consequence of the fact that the reduced multipole
moments of the energy-momentum tensor and the linear and angular momenta
are expressed in such space-times from the multipole moments of the energy-
momentum tensor defined from parallel propagator which, under L-rigidity
conditions, have constant components with respect to a comoving orthonormal

frame to the approximation order considered.
RM

We have assumed that the rotating M-transport operator D, decreases
the original approximation. orders in one unit when acting over moments of
0O(s) or higher, while it preserves the original approximation orders when
acting over moments of order 0 (linear momentum).

The relation between quasirigidity and L-rigidity cannot be studied in
the pole-dipole approximation (Dixon, 1964) since at this level of approxima-
tion the reduced multipole moments of the energy-momentum tensor vanish.
We consider covariant expansion of bitensors about a point, and we only
neglect higher order terms in obtaining expansions with respect to the parame-
ter s (geodetic interval) of the linear and angular momenta and of the reduced
multipole moments of the energy-momentum tensor and its rate of change
with respect to a comoving orthonormal frame.

Equations of motion of an L-rigid body and degrees of freedom of L-
rigid motion will be treated in a subsequent paper.
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